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Abstract.  
In 1910 Vladimir Ignatowski derived Special Relativity without presupposing existence of a 
universal limiting speed1. He derived the entire structure of Special Relativity, valid wherever 
constant relative velocity is observed between Galilean frames2. Existence of the famous 
limiting speed c is derived, not postulated: this; widely and immediately understood, would 
have greatly advanced and clarified understanding of  Relativity among his peers. 

Mutually observed constant velocity between frames is not the only context in which 
legitimately Relativistic laws may arise. Ignatowski's discovery readily generalizes to any 
mutually observed motion, generating in each case a distinct physical transformation group 
having the same character as the Lorentz Group, with analogous limiting maximum values for 
defining parameters, an Invariant Interval, and conservable quantities together with their 
transformation and conservation laws. 

Index. 

p.2 The Prolegomenon is a plea for proper recognition of Ignatowski's achievement.  

p.4 Relativity. This section carries out the lengthy but straightforward generalization of  
Ignatowski's derivation to motion characterized by an arbitrary mutually observed constant 
vector, not just velocity, and an arbitrary time function, not just t itself. Observed redshift 
between frames is worked out. 7 sections with distinct observed motions follow: 

p.10 §1. Constant velocity: Special Relativity, the seminal example. 

p.11 §2. Constant acceleration. The results contradict received wisdom on the subject. We 
argue against the consistency of the received wisdom. The present result speaks for itself. 

p.17 §3. A case of 2 constant scaling vectors, velocity v and acceleration g: "flat Earth Ballistics". 

p.19 §4. A family of semi-Newtonian Universes. 

p.23 §5 & p.25§7. Failed attempts to create universes with just a retarded 1/r2 force law. Seems 
gravity is not so simple. 

p.24 §6. Toy Ballistic Universe in which isotropic gravity completely cancels out so no net force 
appears anywhere, as implied by §5. 

p.26 Appendix 1. Newtonian and Relativistic Conservation Laws. 
p.26 Appendix 2. Particle acceleration viewed from a Galilean frame matching a particle's 
velocity at a particular moment. 
                                                           
1 https://en.wikisource.org/wiki/Translation:Some_General_Remarks_on_the_Relativity_Principle 
2  under standard physicality, etc.  assumptions and definitions detailed below. 
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p.27 Appendix 3. General observed relative motion, entailing up to as many temporal as spatial 
coordinates. 

 

Prolegomenon 

As the title of these pages suggests, I think innocent undergraduates' initial exposure to 
Relativity could go better than the muddle my classmates and I were treated to some 60 years 
ago. I hope things have gotten better since. In case they haven't, may I suggest something along 
the following lines: 

The Special Relativity of Einstein and Vladimir Ignatowski 

In 1910 V. Ignatowski greatly clarified Einstein's 1905 Special Relativity1. He showed that 
invariant limiting speed between frames in uniform relative motion belongs among the results, 
not the postulates, of the theory. His straightforward Relativity Postulate boils down to: 

S' moving at constant velocity v w.r.t. S entails S moving at –v w.r.t. S' ,3           (1) 

 meaning that ∀ pairs of points (x,t) ϵ set S on the path of each x' ∈ set S', we find displacements 
Δx = vΔt; 4 5 or ∆(x-vt)=0; or x' = F(x-vt); and conversely x = F(x'+vt'), for some Physical F: i.e. F 
entailing no unphysical spatial reflections/inversions; nor, apart from the directionality imposed 
by v, spatial anisotropy or inhomogeneity.6 Since S=S' ⇒ v = -v= 0, an S per (1) is necessarily a 
set of relatively stationary points: a frame. 

Mutually observed constant relative velocity is a common occurrence in our universe. (1) is 
manifestly purely kinematic. 

                                                           
3  The direction from S' to S is opposite the direction from S to S'. 
4 We can consistently measure the distance between 2 points x1 and x2 with a ruler. What about time? 
When we try to synchronize clocks between two points we may (and will!) find that no matter how 
carefully we carry a clock from x1 to x2 and back to x1, our clock has lost synchronization with clocks that 
remained at x1. Einstein pointed out preliminary to tackling relativity that we don't need to carry a clock 
between x1 and x2 to synchronize times. If space can be assumed isotropic all we need to do is for 
example travel at a constant speed, starting at say time t1, from x1 to x2 then back again along exactly the 
same path at the same speed, arriving back at x1 at some time t3. A signal on a telegraph line does that, 
as do electromagnetic transmissions in still air. If, by assumption, the trips in each direction took the 
same amount of time, then necessarily time at x2 was  t2=(t1+t3)/2. So time as well as space may be 
synchronized wherever space may be regarded as isotropic w.r.t. such procedures. 
5  This makes sense if say S,S'⊂ some affine space A; v ϵ some (right) R-module over A; t ϵ R. 
6 Often implicitly, such assumptions underlie most physical models, in particular Einstein 1905. 
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Ignatowski showed that wherever (1) applies as described, the Physical ("Restricted") Lorentz 
Group, with emergent limiting speed c, uniquely transforms coordinates between S and S'. 
Lorentz Factor and Velocity Composition laws and the Invariant Interval derive concurrently. 

Ignatowski's derivation is occasionally reproduced as an alternative after presenting Einstein's. 
It's far more than that: it replaces Einstein's initially widely contested (where not ignored!) 1905 
derivation of Special Relativity with a clean derivation postulating the virtually uncontestable 
(1) alone.7 Moreover, it readily generalizes to encompass a wide range of possible mutually 
observed motions; and it doesn't work out in the way you might expect! See below. 

There remain to this day adherents to the Luminiferous Aether theory developed particularly by 
Lorentz and Poincare. Over 100 years of unnecessary argumentation and speculation over 
implications and alternatives could have been avoided if Ignatowski's minimal (1) had 
immediately replaced Einstein's disputed and (with 1910 hindsight of course) overly broad 1905 
postulates. But no, the great minds of the 20th c. failed to incorporate Ignatowski's discovery 
into their thinking. Of course, without Einstein's 1905 crucial insights, Ignatowski 1910 wouldn't 
have happened. Einstein obviously deserves the credit for creating Special Relativity. Only his 
invariant speed postulate became redundant in 1910, when invariant limiting speed joined the 
results as a dramatic consequence of virtually (1): mutually observed constant relative velocity; 
alone. This changes how you think about c. 

Both derivations are purely kinematic. The term "inertia" is not used in this paper. 

A short Ignatowski-style proof belongs in introductory Physics textbooks and lecture notes. It 
takes less than 1 page to directly derive the linear 1-dimensional Lorentz Group and velocity 
transformation laws not as usually presented in beginning texts, but as properties of any frames 
satisfying (1) under standard physicality, homogeneity, and isotropy conditions common in 
particular to both this and Einstein's derivation6. 107 years is 106 years too long for this 
anomaly to go uncorrected! 

So much for that. On to mostly new stuff, including and extending Ignatowski's insight in 
particular to various relatively accelerating frames, with some unanticipated results! 

 

 Relativity. Relativistic Non-RW Metrics 

                                                           
7 If you wish to deny Ignatowski's 1910 Relativity, you have only the weak isotropy-like (1) to work with. 
If pressed, we may take v as a mean velocity with error bounds reflecting variability and uncertainty 
regarding  v. Velocity is well understood and recognized in our universe. The Lorentz transformation and 
its corollaries constitute the unique group structure applicable to frames satisfying (1) as qualified. 
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Mutually observed uniform velocity is not the only context in which what can legitimately be 
called Relativistic transformations arise. In particular, mutually observed uniform acceleration 
or expansion with deceleration can be handled similarly. We broaden the Ignatowski Postulate 
to encompass general mutually observable relative motions, not just constant velocity:  

Relativity Postulate: 

S' following path P(t) relative to S entails S following -P(t') w.r.t. S' ,7          (2) 

meaning that ∀ pairs of points (x,t) ϵ set S on the path of each x' ∈ set S': S,S' ⊂ (say) affine 
space A, we find relative paths Δx = ΔP(t);or ∆(x-P(t))=0; so x'= F(x- Pt)) and similarly x = 
F(x'+P(t')),8 for some Physical F; i.e. an F entailing no unphysical spatial reflections/inversions, 
inhomogeneity, or, apart from the directionality imposed by P, spatial anisotropy6. F is 
invertible; in fact FP

-1=F-P. Since S=S' ⇒ P = -P= 0, an S per (2) is necessarily a set of relatively 
stationary points: a Galilean frame. 

To arrive at the form of Relativity which directly particularizes to the homogeneous Physical 
Lorentz Group we take the range and domain of P from respectively Euclidean space Rn and real 
time t; and embed A in Rn  by identifying an arbitrary point in A with the origin 0 in Rn.. All 
physical referents remain relative. In the interest of clarity we further postpone inclusion of 
rotation to the end of this section. 

As just characterized, F's are translations composed with at most scaled spatial projections: 

x' = αx⊥ + γ(x∥ - P(t))  and   x = αx'⊥ + γ(x'∥ + P(t')),        (3a,b) 

with x∥ the projection of x onto the P(t),P(t') line/plane and x⊥=x -x∥; scalars α, γ>0, so no 
reflections/inversions/degeneracy, and with no dependence on the variables x, t9. 

Taking ⊥ projections in (3a,b), we find x'⊥= αx⊥ and  x⊥ =  αx'⊥ ,  so α = 1. 

Under ‖ projection into the P(t),P(t') line/plane, (3a,b) become 

x'∥=γ(x∥ - P(t)) and x∥=γ(x'∥+P(t'))= γ(γ(x∥ - P(t))+P(t')),       (4a,b) 

so, for γ≠0,   P(t')= γ[P(t)-(1-1/γ2)x∥]              (4c) 

If P(t)‖P(t') say over a time interval I, write P(t) = κf(t) Ɐ tϵ I: κ a constant nonzero vector in Rn, f 
a scalar function, so  x∥ = x∙κ�κ� = �∙�

κ�  κ. 10 This severe constraint is removed in Appendix 3. 

                                                           
8  The sign of P reverses along with the relative reference directions. 
9  This excludes in particular RW style time-dependence in the coefficients α, γ.  Time dependence 
resides here solely in P. P directly follows particles: in a cosmological setting, the inferred expansion of 
the universe. Neither formulation is generally homogeneous in (x,t), but see below. 
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Substituting κf(t) and �∙�
κ�  κ into 4(c) and equating scalar coefficients of κ gives 

f(t')= γ[f(t)- ���/γ�
�2 x∙κ].              (4d) 

Ignatowski's great insight (here extended from his case κ=v, f(t)=t): Closure of (4a,d) under 

parallel composition ⇒ 
���/γ�

�2  is independent of κ≠0. This is the crux of the development. 

Proof. For κ‖κ'  let k=|κ|, k'=κ'∙κ�, ξ = x∙κ�, ξ'=x'∙κ�, etc., so (4a) becomes ξ' = γ(ξ – kf(t));  and (4d), 

f(t')= γ[f(t)- 1−1/γ2

k
ξ]; in compact matrix format: � ξ'

f(t')�=γ�
1 -k

-
1- 1

γ2

k
1

� � ξ
f(t)�, etc. 

We compose � ξ
f(t)�  κ→      � ξʹ

f(tʹ)� κ'
→ � ξ"

f(t")� and seek κ" s.t.  � ξ
f(t)�  κ"

→
      � ξ"
f(t")� directly: 

�
ξ"

f(t")�=γ’�
1 -k'

-
1- 1

γ'2

k'
1

� γ �
1 -k

-
1- 1

γ2

k
1

� �
ξ

f(t)�=γ�γ

⎣
⎢
⎢
⎢
⎡1+

�1- 1
γ2�k'

k
-(k+k')

-
1- 1

γ'2

k' -
1- 1

γ2

k
1+

�1- 1
γ'2�k

k' ⎦
⎥
⎥
⎥
⎤

�
ξ

f(t)�=γ"�
1 -k''

-
1- 1

γ''2

k'' 1
� �

ξ
f(t)�       (5) 

Comparing diagonals in (5), we see at once, with Ignatowski, that 
��� �

�ʹ�
�

�’�
 = 

��� �
γ��

�� , so this 
expression is in fact independent of its argument: a constant. 

We write this new constant as 
���/��

κ2 =1/Λ, so γ =1/�1 − K2

Λ
 , also constant. Note that κ and Λ, 

and therefore γ, are constants in each of the 7 sections below. 

(4a,d) become 

The Relativistic Transformation Laws: 

x'=x⊥+γ(x∥-κf(t)); f(t')=γ(f(t) - �∙�
�

): γ= �

���Κ2

�

 ; κ2≤ Λ if Λ>0,11 x∥= x∙κ �κ�, x⊥=x-x∥    ;                           

(6a,b) 
with inverse 

                                                                                                                                                                                           
10  Convention: define 0�=0, else x�= unit vector x/|x|; so x‖y iff |x�∙y�|=1 and xⱯy iff x∙y=0 become 
comprehensive and mutually exclusive definitions.  In particular x‖y ⇒x,y≠0; and 0 Ɐ everything. That 
settled, the components of any  x ‖ and Ɐ to any y can always be unambiguously written x‖=x∙y�y� and 
xⱯ=x-x‖ ∀ x,y∈Rn. 
11  Further restrictions may apply.  In particular allowing K2=Λ>0 entails extending R, and so γ and f, to 
allow, with the usual caveats, one or both of the points at ±∞ and extending Rn to allow at least radial 
vectors of infinite magnitude.  
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 x=x'⊥+γ(x'∥+κf(t')); f(t)=γ(f(t')+�ʹ∙κ
Λ

): γ= �

���κ2

Λ

 , κ2≤ Λ if Λ>0, x'∥= x'∙κ�κ�, x'⊥=x-x∥  .      (6c,d) 

Where f exists and is invertible, (6b) yields t'; (6d), t. If f is bounded, t' may hold steady at  
 f-1(bound) 
over a range of t; and v.v. 
 
These relations are homogeneous in  (x,f(t)); the spatial coordinates x and  the sole carrier of 
time dependence f(t). 
 
It's immediately clear from (6) that for smooth f, deviations from x, t and the inferred κ, f and Λ 
values produce generally limited deviations in x' and t': arbitrarily small uniformly bounded 
deviations over sufficiently small x, κ, f(t) and Λ ranges, for |κ| bounded away from √Λ if Λ>0, 
and t bounded away from large values of |f| and from 0's of ��

��
.   (6) is sufficiently accurate if x, 

f(t), κ and Λ are. The transformations are robust. 
 
Exercise12: (6a,b)⇒ 
The Invariant Interval:   x'2-Λf(t')2 = x2-Λf(t)2  or  (dx')2 –Λ(df(t'))2 = (dx)2 –Λ(df(t))2.         (7) 
The Invariant Interval (7) is independent of κ, facilitating a critical inference below. 
 
Λ >0 gives a Minkowski metric with scaling function f(t) as temporal coordinate; a relative of the 
RW metric, with RW scaling function a(t)=1/��

��
(t) instead absorbed directly into f(t) to produce 

relations homogeneous in x 's and f 's.  Λ < 0 gives a Euclidean Rn+1 metric, again with scaling 
function f(t), really √Λ f(t), as temporal coordinate. 
 
The top row of (5) yields the Parallel Composition Laws for the constant vectors κ and scalars γ: 

κ" = 
κ+κ'

1 +κ∙κ'
Λ

 , γ”= γʹγ(1 + �∙κ'
Λ

), γ=1/�1 − κ2

Λ
  : κ‖κ', both constant, κ∙κ' ≠ -Λ, κ2≤Λ if Λ>0 ,     (8) 

Exercise. If Λ>0, |κ|,|κ'|<√Λ  ⇒ |κ"|<√Λ; |κ|<√Λ and |κ'|=√Λ  ⇒ |κ"|=√Λ; |κ|=|κ'|= √Λ  ⇒ 
|κ"|= √Λ if κ = κ’; κ"  indeterminate if κ = -κ'. That simple formula handles all parallel Vector 
Scaling Factor composition except κ ∙ κ '=-Λ. 
Exercise. Anything with |κ| invariant under every transformation per (6) is moving at |κ|=√Λ. 
Exercise. The above exercises fail if κ∦κ’ in (8). General composition laws replace (8) below. 
Exercise. If Λ<0, nothing keeps the same |κ| under all transformations per (6). Λ<0 does not 
limit |κ|; in fact κ∙κ' → -Λ ⇒|κ"|→∞. Moreover, κ∙κ' > -Λ , so that at least one of |κ|,|κ'|> √-Λ, 
contradicts γ">0 and reverses κ"; unphysical reflections. 
|κ|'s cannot consistently be held <√-Λ to avert contradiction and unphysical reflection, so  Λ>0 
in what follows. 

                                                           
12 We can't help sliding into the more compact and arguably more engaging form of course notes with 
straightforward details entrusted to exercises. Keeps the development moving along without just 
glossing over important points. Readers might find reward in working these exercises out. 
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Λ→∞ gives nonrelativistic limits γ=1, κ"= κ+ κ', x'=x- κf(t), and t'=t. 
 
General Composition, Conservation, and Transformation Laws. 
 

To extend (8) to nonparallel vectors, we compose  �
x

f(t)�  κ→      � x'
f(tʹ)� κ'

→ � x"'
f(t")� via general nonzero 

scaling vectors κ, κ’, and seek κ" s.t. the direct transformation �
x

f(t)� κ"
→      � x"

f(t")� gives the same 

f(t"). We won't generally find x"'= x", but the invariant interval (7) shows |x"'|=|x"| if 
f(t"')=f(t"), so x"' and x" differ by at most a spatial rotation R.  From (6) 
 
 f(t")=γ'(f(t')−  x'∙κ'

Λ ) = γ"(f(t)−x∙κ"
� )  (9a),     x"'= x'⊥'+ γ'(x'∥'–κ'f(t')) =Rx"=R (x⊥"+γ"(x∥"–κ"f(t)).   (9b) 

Subscript  ‖' indicates component parallel to κ’, etc. 
 
Elimination of x', f(t') in the temporal equation (9a) using (6) gives: 

 f(t")=γ'{γ(f(t)− �∙κ
�

)−[x⊥+γ(x∥-Kf(t))]∙ κ'
Λ
}=γ'γ[1+ κ∙κ'

Λ
]f(t)−γ'γx∙[κ+κ'∥+

 κ'⊥
γ

 ]/Λ=γ"(f(t) - x∙κ"

Λ
).         (10a) 

Here, we have used the fact that x∥ ∙κ'=x∙κ'∥ and x⊥∙κ'=x∙κ'⊥ (Exercise). 
 
Equating coefficients of the independent variables t and x in (10a) gives 
 
General Composition Laws for Constant Scaling Vectors κ, Scalars γ: 

 κ"= 
�+ κ'∥ +

 κ'⊥
γ  

1+κ∙κ'
Λ

; γ”=γγ'(1+κ∙κ'
Λ

): γ=1/�1 − κ2

Λ
; κ, Λ, γ constants with |κ|≤√Λ , (11a,b) 

generalizing and replacing (8). κ" uniquely gives the direct transformation matching f(t") with 
the general composed κ, κ' transformations. (11) does not involve x 's or f(t) 's; just κ 's and Λ.  
Note that composition of nonparallel κ 's isn't commutative. 
 
 Exercise. |κ|,|κ'|<√Λ  ⇒ |κ"|<√Λ; |κ|<√Λ and |κ'|=√Λ  (or v.v.)⇒ |κ"|=√Λ; |κ|=|κ'|= √Λ  ⇒ 
|κ"|= √Λ if κ = κ', indeterminate if κ = -κ'. That simple formula handles all Vector Scaling Factor 
composition except κ∙κ '=-Λ. Hint: Compare κ‖κ' case. 
Exercise. Anything with |κ| invariant under every transformation per (6) is moving at |κ|=√Λ. 
 
In extending (8) to encompass nonparallel composition, we unavoidably bring in spatial 
rotation. Composition of nonparallel projections resolves into composition of a projection and a 
rotation. The need for an R in say the r.h.s. of the spatial equation obtained by eliminating x',t' 
in (9b) becomes apparent almost immediately. We find 

x"' = (x⊥+γ(x∥-κf(t)))⊥'+ γ'[x⊥+γ(x∥-κf(t))∥'-κ'γ(f(t)-
�∙κ
Λ

)] = 

(x⊥+γx∥)⊥'+ γ'(x⊥+γx∥)∥'+K'γ
�∙κ
Λ

 –γf(t)( κ⊥'+ γ'(κ∥'+κ') =Rx"=R(x⊥"+γ"(x∥"–κ"f(t))).     (10b) 

Ɐ' means component Ɐ Ɐ', etc. 
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Equating coefficients of f(t) in (10b) gives 

 
κ'+ κ∥' +

 κ⊥'
γ'  

1+κ∙κʹ
Λ

 = 𝑅κ" = 𝑅
κ+ κ'∥ +

 κ'⊥
γ  

1+κ∙κ'
Λ

.              (12) 

We clearly need R unless κ‖κ' (Exercise). 

Exercise. (κ+ κ'∥ +
 κ'⊥
γ

)2=(κ+κ')2-(κ∙κ')2/Λ, symmetric in κ,κ'; affirming that both sides of (12) have 

the same magnitude and R is a pure rotation. 

Exercise. The angle of rotation in R is real: φ= ϑ –atan( |κ|����
γʹ��κʹ��|κ|�����

)- atan( |κʹ|����
�(|κ|�|κʹ|����)), with ϑ 

the angle between κ and κ' . Hint: this works out in a few lines once transferred to the complex 
plane: take; e.g., R→eiφ, κ→k real, κ'→k'eiϑ; compare l.h.s. to r.h.s. As it must, the expression 
gives φ=0 if ϑ=0 or either κ or κ' (not both)= 0.  (12) becomes 0=R0 if κ=κ'=0, so ϑ, R, and φ are 
indeterminate in that case. This is a direct evaluation of the Wigner Rotation. 

The spatial component of (10b) is (x⊥+γx∥)⊥'+ γ'(x⊥+γx∥)∥'+κ'γ'γ�∙�
�

 = R (x⊥"+γ"x∥").      (13) 

Exercise (lengthy). (13) works out correctly with the R  from (12). Hint: consider real and 
imaginary parts of independent cases x=x⊥→i and x=x∥→1. Tedious,  but the way suitable 
substitutions in the four cases transform the initially very different looking lhs's and rhs's, still 
functions of the κ's and Λ, into identities is remarkable. 

This concludes construction of the unique physical transformation group per (6) on coordinates 
Rn  X Domain(f) X Rn│κ2≤Λ between frames with relative path P(t)=κf(t) satisfying (2), together 
with spatial rotations R. This is the connected component of a much larger group including 
unphysical reflections and inversions. 

Transformation/Conservation Laws.  The composition laws (11) generate quantities with 
conservation status independent of frames related per (6). We take the ideal gas, including the 
single particle case, as a model, and suppose the ith particle has associated with it a scalar mi we 
suggestively  label ith particle mass.13 See Appendix 1. We factor these into (11) as follows: 

γi'mi=γκ(γimi+
κ∙γimiκi

�
 ); γi'mi κi' = γκ(γi m�κ+ γimiκi∥)+γimiκi⊥. 

Define Relativistic Mass M=∑γim i , direct P(t) say to the center of mass coordinate x=∑γimixi/M , 
define conservable vector quantity Q =∑γimiκi , and sum over i in the preceding to get the 

                                                           
13  We're attaching scalars to certain points in a frame and applying the scaling laws, without 
presupposing something meaningful will result from so doing. We're ducking the question "What is this 
mass you just slipped in?". This initially empty term will acquire varying significance as we proceed. 
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Mass/Q Transformation: M'=γκ[ M+κ
�
∙Q ] and Q'=γκ[ Mκ+Q∥]+Q⊥;                (14a,b) 

giving M' and Q' in frame S' with c.m. path P(t) = κf(t) relative to S. If M and Q are constant in 
some frame, they are constant in every frame, with values transforming according to (14). 

Mass/Q Conservation Law: 
 
There is a function of M and Q which retains its value in all frames: 
 
M'2 – ���

�  = γκ
2 [M2+ 2M�

�
∙Q+ (�

�
∙Q)2 ] – γκ

2[(M2κ 2+ 2 κ ∙MQ +Q‖
2)+Q⊥

2]/Λ  = M2- �
�

 Λ . 
 
Q'=0 minimizes M' for fixed M and Q. We call this ' frame and minimum M' value respectively 
the rest frame and rest mass of the system, and write the latter as M0, or in the single particle 
case m0, so in general 
 
M2 – �

�

 � = M0
2, or  (MΛ)2–Q2Λ = (M0Λ)2.                   (14c,d) 

 
Note that the composition, transformation and conservation relations (11) as embodied in (14) 
depend on κ and Λ but are independent of x, f and t. (14c,d) exhibit no explicit dependence  
on κ. This contrasts with the Invariant Interval (7), which depends on x, f(t) and Λ but not 
on κ. 
 
The embodiment of Relativistic Mass (or energy MΛ), identity of the conservable Q and the 
significance of (14) will vary with the varying character of κ's and Λ's arising in observable paths 
P considered below.  

Red/Blueshift.  Time retardation/dilation of information transmitted from position x to the 
spatial origin 0 at speed c per  §1 below follows directly from (6d) and (6c): 

f(t-|�|
� )=γ(f(t')+��∙�

�
); ḟ(t-|�|

� )( ��
���│x'-

�|�|
� ���

│x' )=γḟ(t'), or ��
���│x'= � ḟ(��)

ḟ(��|�|
� )

 + �|�|
� ���

│x''.  (6c) gives 

��
���

│x'=γκḟ(t'), and |x|�|�|
���

│x' =
���/�

���
|x'= x∙ ��

���
│x'=γx∙κ ḟ(t')=γ|x||κ|cos(θ) ḟ(t'), so, for x≠0, 

 �|�|
���

│x'= γ|κ|cos(θ) ḟ(t') and with t'=f-1(γ(f(t-|�|
� ) - �∙�

�
)): 

 ��
 ���│x' = γ ḟ(�ʹ)

ḟ(��|�|
� )

 + γ|�|
� cos(θ) ḟ(t')= γḟ(t')[ �

ḟ(��|�|
� )

+|κ|
� cos(θ)] ; θ the angle between κ and x.       (15) 

(15) is often written 1+z with z the % redshift if >0, blueshift if z<0. 

Some models permit waves traveling with invariant κ2=Λ, but the interest here is in observation 
of electromagnetic radiation traveling at c, per §1 below. 

We apply these results to some observable and posited relative motions ±P(t). 
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Seven Instances in Relativity 

§1. Lorentz/Einstein: Frames Moving with Constant Relative Velocity ±v.  

If P(t)=vt=κf(t), so κ=v and f(t)=t, we have Special Relativity itself; the archetype, in which  
Λ=c2 by convention. 

The Lorentz Transformation: 
 x'=x⊥+γ(x∥-vt); t'=γ(t-�∙�

�� ): γ= �

���v2

��

 , x∥={ x∙���� :v≠0
  x    :v=0  }, x⊥=x-x∥, |v|≤c  ,     (6'a,b) 

with inverse     x=x'⊥+γ(x'∥+vt'); t=γ(t'+ ��∙�
�� ),        (6'c,d) 

between frames S, S' moving with uniform relative velocity ±v; with variables x,x',t,t'; and 
constants v,c and so also γ. 
 
The Invariant Interval:  (ct')2 - x'2 = (ct)2 - x2 or (cdt')2 - (dx')2 = (cdt)2 - (dx)2 ;         (7') 
the Minkowski metric.  

 The Constant Velocity and Lorentz Factor Composition Laws: 

v"=  
v+ v'∥ + v'⊥

γ  

1+v∙v'

c2
; γ”= γ�γ(1 + v∙v'

c2 ): γ=1/�1 − v2

c2; |v|≤c; v∙v' ≠ -c2 .         (11') 

|v|,|v'|< c  ⇒ |v"|< c; |v|<c and |v'|= c (or v.v.) ⇒ |v"|=c; |v|=|v'|= c  ⇒ |v"|= c if v = v', 
indeterminate if v = -v'. That simple formula handles all constant velocity composition except 
sitting on a beam of light shining a flashlight back the other way. 

The limiting case c → ∞ is the Galilean transformation x' = x-vt; t' = t; v" =v+v' . 
 
Mass/Momentum Transformation; with Q the  familiar Lorentzian momentum p: 
 
  M'=γu[ M + �

c2∙p ] and p'=γu[ Mu + p∥]+ p⊥.                  (14'a,b) 
 
Lorentzian mass M =∑γvimi and momentum p=∑γvimivi are constant in every frame if constant in 
one, with values related through (14'a,b). 
 
Mass/Energy Conservation:  M2-��

 ��=M0
2 , or  E2-(pc)2=(M0c2)2 , with E=Mc2.              (14'c,d) 

 
 Lorentzian Energy and Lorentzian Mass are identical except for a dimensional factor. In the 
present context the famous formula simply defines an auxiliary concept: Energy; mass with a 
dimensional factor appended! In dimensionless formulation they are manifestly identical. 
Somehow, most of us (myself included) seem to be more comfortable working with this 
Lorentzian Energy than with the underlying Lorentzian Mass. 
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From (6'c), ��

���│x'=γv, so p=γm0v=m��
���│x': constant Lorentzian momentum. Don't get too 

comfortable, however: the meaning of mass, momentum, and energy differs in various ways in 
the following sections, depending on κ, Λ, and so γ. 
 
Red/Blueshift: electromagnetic radiation from the primed to unprimed system system. 
 

ḟ(t)=1, so (15) becomes simply ��
 ��ʹ│x'=γ[1+|�|���(�)

�
 ] ,          (15') 

 
a concave upward function of |v|/c for |ϑ|<~160 degrees; sharply upward to infinite redshift 
as |v|/c→1.  For |ϑ|≤π/2 only redshift is observed.  For π/2<|ϑ|≤π blueshift is observed while 
|v|/c <  �

���(|�|��/�)� �
    ���(|�|��/�)

 (Exercise), then time dilation beats out Doppler shift and 

increasing redshift is observed. 
 
If you're a physicist, you've seen all this before, but probably not as immediate and only 
minimally interpreted consequences of virtually (1) alone. 
 
And now, for something completely different. 
 
§2.   Frames In Constant Relative Acceleration ±a From (Relative) Rest at  t=0 (Spacecraft 
Observed Thrusting in Free Space). 
 
While a spacecraft is able to maintain constant acceleration w.r.t an observer, so P(t)= κf(t)= 
at2/2 is mutually observed with K=a≠0 constant, and f(t)=t2/2, we get 
the transformation between frames S, S' under constant relative acceleration ±a: 
 

 x’=xⱯ+ γ(x‖-at2/2); t'=�γ(t� − 2 �∙�
�

): γ= �

���a2

�

, x∥=x∙a�a�, x⊥=x-x∥, t,t' ≥0, a2≤Λ, x∙a≤Λt2/2   (6"a,b) 

 with inverse     x=x'⊥+γ(x'∥+at'2/2); t=�γ(t�� + 2 ��∙�
�

), x'∙a≤Λt'2/2 .            (6"c,d) 

 
The argument giving Lorentz Transformations (6') between frames moving with constant 
relative speed gives the transformation (6") between frames in nonzero constant relative 
acceleration. ∥ and ⊥ are defined w.r.t. the relative acceleration a, in this special case also 
parallel to relative velocity v=��

��|x'=at.  Acceleration, not velocity, is bounded: at is bounded only 
by the length of time the spaceship can maintain constant nonzero acceleration. The Lorentz 
limiting speed c applies to constant relative velocities observed between frames, obviously not 
to these relatively accelerating frames. There's much loose talk: relative speed is not 
automatically bounded by c as often asserted: Special Relativity bounds constant relative 
speed. This model is consistent with a wave traveling with invariant constant relative 
acceleration of magnitude √Λ. 
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This model cannot tell you what would happen if a spaceship were able to accelerate to 
superluminary speed, then shut off acceleration expecting to coast freely. Some form of 
damping, however slight, could establish a deceleration regime with slightly negative a to 
forestall contradiction with Lorentz limiting constant speed. Gravitational radiation from  
superluminal objects would do it: not this model unless the damping force is constant for v>c. 
So would a putative radiated acceleration wave with magnitude of acceleration √Λ. 
 
The model has an initial time t=0, so according to (6"b), if you look far enough in the direction 
of motion, you see back to t'=0, when the acceleration and the model itself began. (6"a,b) apply 
only when x∙a≤Λt2/2, etc. 
 
Alternatively, observed P(t)=at|t|/2=at2/2sgn(t)=a∙ssq(t)/2 15 would carry time continuously 

through t=0, so x’=x⊥+γ(x∥-at|t|/2); t'= ssr(γ(t|t| − 2 �∙�
�

)) 14∀t,t'∈R. ��
��

│��=a|t|;���
��� 

│��=a sgn(t). 
 

The Invariant Interval:  x'2 - Λ(�′�

� )2 = x2 - Λ(��

�
)2or (dx')2 - Λ(d�′�

�
)2 = (dx)2 - Λ( d��

�
)2  ;        (7") 

reflecting a Minkowski metric with temporal scaling coordinate t2/2. 
 

 The Constant Acceleration Composition Law: a''= 
a+ a'∥ +

a'⊥
γ  

1+a∙a'
Λ

: a2,a'2≤Λ, a∙a'≠-Λ       (11") 

Constant accelerations, not velocities, conform to this composition law.  
 
 Mass/Force Transformation: Q is Force F:15 
 M'=γ[ M+�

Λ
∙F ] and F'=γ[ Ma+F∥]+F⊥ : γ= �

����� 
Λ

   a≠0 ;                 (14"a,b) 

with Kinetic Mass M=∑γimi and force F =∑γimiai=Σ���
��

│x' in which kinetic momentum pi=γimivi. 

This is not Lorentzian γv and constant momentum pv: here the  kinetic γi=1/�1 − ��
� 
Λ

 is a 

constant determined by the constant acceleration ai, not the variable velocity vi=ait, etc. The 
definition of kinetic mass also looks familiar but these kinetic γi depart significantly from the 
Lorentzian γ. If I'm missing something, great! Please correct me. Otherwise frames moving with 
constant relative velocity ±v yield the familiar constant Lorentzian pv=γvm0v =mvv with 

γv=1/√�1 − ��

��� and frames in constant relative nonzero acceleration ±a give constant force 

F=���
��

=γam0a=maa with varying kinetic momentum pa=γam0v=mav=maat in which γa=1/√(1--��

Λ
). 

See below. 
 
The limiting case Λ→∞ gives Newtonian kinetics. 
 

                                                           
14 ssr(x)≡sgn(x)√|x|; the signed square root of x real, with inverse ssq(x) ≡x2sgn(x) =x|x|. 
15 We once again duck the question; this time "What is this label Force you just introduced?", not to 
mention "What's happening to Mass?" We're finding distinct Lorentzian and kinetic masses! 
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Mass/Force Conservation Law: M2 – �
�

 Λ = m0
2 or  (MΛ)2-F2Λ= (MΛ)2-( maa) 2Λ= (m0Λ)2.    (14"c,d) 

One may prefer defining a kinetic energy=MΛ to the underlying kinetic mass M for this model. 
Neither helps resolve what happens if you turn off acceleration at some v>c. 
 
Red/Blueshift: electromagnetic radiation from the primed to unprimed system. 
 

ḟ(t)=t, so (15) becomes  ��
���|x'=γ �γ �t − |�|

� )� − 2 |�||�| ���(�)
�

� ( �
 ��|�|

�
+ |�|

� cos(θ)) ,      (15") 

 
 for |ϑ|≤π/2, a concave downward function of |x|/ct exhibiting decreasing redshift as |x|/ct 
increases from 0, plunging to infinite blueshift (infinite slope downward because of the √ ) 
when t'→0 as |x|/ct→Λt/(c|a|cosϑ). For π/2≤|ϑ|≤π; concave upward with decreasing 
Doppler blueshift observed as |x|/ct increases from 0; then time dilation redshift→∞ as 
|x|/ct→1. 
 
Einstein would have been pleased by the Relativistic Force Transformation Law (14"b). ~7 pages 
after developing Special Relativity in his earth-shattering 1905 paper "On The Electrodynamics 
of Moving Bodies", he derived the Lorentz Transformations for the electromagnetic fields E and 
B.  ~9 pages further on he set out to calculate the force on a charged particle referred to a 
Galilean primed frame that matches an accelerating particle's velocity at a particular moment 
t0.16 Expecting Newton's 2nd Law to hold for v≈0, he set test particle (rest) mass μ times the 

particle acceleration  
���ʹ

��ʹ�
(t0), measured from that primed momentary particle rest frame, equal 

to εE', the particle charge ε times the electric field E' at the location of the particle as seen in 
that primed particle rest frame. He then expressed the acceleration measured from that primed 
frame in an observer's unprimed frame coordinates, and also transformed E' into the fields in 
the frame of an observer moving at -v, using the Lorentz Transformation for E' he had just 
derived.  In present notation, he got 

μ
����

���� (t0)=μγ� ����
��� (t0)+ μγ� ���∥

��� (t0)=εE'=ε[E∥+γ(E⊥+�
�XB)]:  γ =�1 −

��
��

(��)�

�� �
��

�

, ���
��

(t0)=0         (16a) 

(Exercise; see Appendix 2), which he regarded as representing force on the particle at a 
particular moment as viewed from the observer's frame. ⊥ and ∥ are taken w.r.t the frame velocity 
v=��

��
(t0), held constant throughout the calculation. That γ� did not arise from differentiating the constant 

γ=1/�1 − v2

c2 as if v=��
��

(t0) were  variable. 

 
The r.h.s of (16a) displayed for the first time the Relativistic Electromagnetic Force Law for a 
charged particle moving at constant velocity v relative to the observer in terms of the 
observer's fields E and B, replacing the pre-relativistic 1895 Lorentz Force expression ε[E+�

�XB)]. 
One wouldn't expect the 1895 Lorentz Force expression to survive 1905 without modification: it 

                                                           
16 http://einsteinpapers.press.princeton.edu/vol2-trans/181 
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predates Special Relativity and the final form of the Lorentz transformations including 
transformation of the E and B fields, all from that banner year 1905, by 10 years. 
 
(16a) does not encompass particle acceleration as Einstein had supposed. An expression for the 
force on an accelerating charged particle would need to account for electromagnetic radiation 
from the particle: that Electromagnetic Force Law manifestly applies only to nonradiating 
particles in steady motion. The particle velocity v  on the r.h.s of (16a) is necessarily constant, 
and the total force on a charged particle in steady motion is necessarily 0, unless the particle is 
infinitely heavy. The force of constraint required to maintain that constant v is missing from the 
r.h.s. of (16a). Steady electric currents employed in the seminal experiments of Ampere in the 
1820's, at the root of Maxwell's 1865 expression F= μ j X B 17 for the magnetic force on a steady 
current j, are now understood to be proportional to εv: electrons moving at a tiny, far from 
relativistic, macroscopically constant velocity in Ampere's copper wires. The constraint force is 
provided by the copper ions constituting the principal bulk of the wires. Force gauges holding 
the wires fixed thus directly measure constraint forces. When the constraint force is added in to 
give 0 total force on the unaccelerated particle, the r.h.s of (16a) necessarily becomes 0 and the 
l.h.s registers 0 acceleration. (16a) cannot be emended to provide information about 
accelerating particles. As stated it holds only when all terms vanish: a=E=vXB=0. 
 
Further, since (16a) is based on Newton's force law, one wouldn't expect it to hold 
relativistically even if it did hold beyond its actual range of validity as a complicated way to 
write  0=0.  (6") and (14") show m>m0=μ if a>0 so (16a) wouldn't have held even when v=0. 
 
Max Planck accepted Einstein's 1905 paper enthusiastically, but thought there must be a better 
way to represent relativistic force than (16a). He didn't notice (16a)'s fatal incompleteness. A 
year later, in 1906, Max Plank advanced what he considered to be a more easily comprehended 
relativistic kinetics.18 He apparently19 noticed that if you disregard the roots of the Lorentzian 
momentum pv=γvμv in the constant v Lorentz Transformations and regard v as variable, 
differentiate p w.r.t.  t,  then set v=��

��
(t0) and 

���
��

(t0)=0, you find 

���
��

 = μγ����
��� (t0)+ μγ� ���∥

��� (t0) :  γ =�1 −
��
��

(��)�

�� �
��

�

         (16b) 

 
This looks like the l.h.s. of (16a) except that the transverse term is divided by a factor γ. Dividing 
the  transverse terms in the r.h.s. of (16a) also by γ to convert both sides into  an equation gives 

���
��

 =μγ����
��� (t0)+ μγ� ���∥

��� (t0)=ε[E+�
�XB)]:  γ =�1 −

��
��

(��)�

�� �
��

�

,        ���
��

(t0)=0.       (16c) 

                                                           
17 http://rstl.royalsocietypublishing.org/content/155/459.full.pdf+html. P. 489 
18 Planck, Max (1906a), "Das Prinzip der Relativität und die Grundgleichungen der Mechanik", 
Verhandlungen der Deutschen Physikalischen Gesellschaft 4, 1906, pp.136-141, in Planck, Max, 
Physikalische Abhandlungen und Vorträge, 1958, Braunschweig: Frieder. Vieweg & Sohn, Band II, pp. 
115-120; p. 118. 
19  His paper is very sketchy, so his process is unclear. In other words, I'm guessing. 

http://rstl.royalsocietypublishing.org/content/155/459.full.pdf+html
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which displays on the r.h.s. the pre-relativistic Lorentz Force expression of 1895. Planck must 
have found that auspicious. More likely he actually began his considerations based on the 
Lorentz Force expression and worked backwards to get to (16c). 
 
Planck proposed setting aside (16a), which Planck and Einstein both mistakenly thought 
represented the actual physical relativistic electromagnetic force equation, and taking (16c) as a 
new more Newtonian looking definition for relativistic force, retaining the pre-relativistic 
Lorentz Force expression as the force law. After all it does agree with (16a) in the nonrelativistic 
limit γ→1, so why not? In reality of course neither (16a) nor (16c) hold for nonzero acceleration. 
 
In 1907 Einstein repeated his 1905 calculation20, but out of the blue, without commenting on 
the non sequitur, wrote (16c) rather than (16a) in his final step. He had come around, like most 
physicists of the day, to Planck's view. He understood that Planck had not displayed the actual 
physical force law, which they understood to be (16a), but thought the attractiveness of (16c) 

with its Newtonian-looking 
���
��

 outweighed this deficiency. One could always recover the actual 
physical force by separating out and multiplying the transverse components by γ. 
 
The erroneous Planck relativistic kinetics is taught to this day. The fact that transverse  force 
must be always be adjusted by the missing γ factor if you wish to obtain actual physical force 
seems not to be mentioned, much less the fact that Planck's entire kinetic theory is based on a 
faulty force equation that holds only when force and acceleration vanish: no kinetics at all. The 
idea  has no range of applicability. Despite its attractiveness, it must be set aside. 
 
Einstein was disturbed by both the unphysicality of the effect implied by (16a,c) on forces and 
accelerations perpendicular to the frame velocity and its failure to encompass gravitational 
acceleration. The resulting dissatisfaction led Einstein to a much more fruitful line of inquiry 
culminating 8 years later in General Relativity. Fortunately neither (16a) nor (16c) capture 
anything intrinsic to the motion of an accelerated particle. Special Relativity doesn't just fail to 
illuminate gravitational acceleration: it doesn't and shouldn't be expected to treat acceleration 
at all. The domain of Special Relativity is constant relative velocity observed between frames. 
 
(14"b) affirms that in fact only the component of force parallel to the relative motion is actually 
affected in transformation, in harmony with Einstein's expectations and not with the baseless 

Einstein-Planck kinetics. The force law F=��
��

 with p=mv=γm0v, γ=1/√(1- �
�

�
) and v=at does display 

its Newtonian roots. It treats gravitational forces no differently from any other. 
 
The preceding settles the question, but no physicist is going to be eager to accept anything I 
wrote in this section, so I carry on in overkill mode. 
 

                                                           
20 Doc. 47: ON THE RELATIVITY PRINCIPLE AND THE CONCLUSIONS DRAWN FROM IT by A. Einstein 
[Jahrbuch der Radioaktivität und Elektronik 4 (1907): 411-462]. 
http://einsteinpapers.press.princeton.edu/vol2-trans/290 
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Overkill #1. If you transform the Lorentz ε[E+�
�XB)] to the rest frame of the particle, you find 

ε[E'∥+E'⊥/γ] instead of εE', off as it must be by that factor of γ in the ⊥ component of the field. 
That expression cannot represent intrinsic force or anything else intrinsic to the rest frame of 
the particle, carrying as it does an artifactual γ which can take on any value ≥1 depending on 
extrinsic circumstance. On the other hand, assuming linearity, the manifestly intrinsic F=εE' 
follows directly from the conceptual definition E'= ���

ε→� �ε
ε   21 of the electric field acting on a 

stationary arbitrarily weakly charged test particle as both maximum charge density and the 
volume containing the charge tend to 0 (we elaborately sidestep resort to taking charge density 
as a generalized function). Planck was mistaken in his view that Relativistic force could be 
defined as one wished consistent with agreement with Newton as γ→1. In particular any such 
expression must also be consistent with Maxwell's definition of the force on a stationary 
charged particle: the operational definition of E' (unless you are willing to radically 
redefine the meanings of E and B). 
 
Overkill #2. On p. 491 of his landmark paper "A Dynamical Theory of the Electromagnetic 
Field"22, published January 1, 1865 in the Philosophical Transactions of the Royal Society of 
London, Maxwell gave F=qE  as the force on a small stationary body containing a charge q in 
terms of the electric field E produced by all other electrified bodies. Maxwell brooked no self-
interaction. This definition is manifestly consistent with defining E= lim

q→0 Fq
q  as above. Planck's 

kinetics is deeply flawed. The electromagnetic field transformations uniquely determine the 
electromagnetic force q[E∥+γ(E⊥+�

�XB)] on a steadily moving relativistic charged particle in terms 
of observed v, and E and B per Einstein 1905. Relativistic force is not up for grabs. Of course, 
just like Newton's F=moa, the Lorentz Force expression: the nonrelativistic γ→1 limit of the 
Relativistic Electromagnetic Force Law, remains useful in applications with  |v|≪c. 
 
The present constant force and acceleration example gives F=ma=m��

��
=γm�a= � ����

��    
 = ���

��    
= ��

��
, 

which does look familiar: force is indeed the time rate of change of momentum p=γm0v=mv. In 

the present instance, however, the acceleration-driven kinetic scaling constant γ=1/ �1 − a2

Λ
 

applies in the definition of kinetic p and m; analogous to but otherwise independent of either 
the constant velocity-driven γ of Lorentz transformations or the variable γ of the flawed Planck 
1906/Einstein 1907 kinetics. In the present section, v=��

��|x'=at with constant acceleration a. 
Equations (6"), (11") and (14") transform coordinates, accelerations, forces, kinetic masses and, 
if you prefer, kinetic energy between frames in uniform relative acceleration. 
 
The Einstein1905/Planck1906 attempted extension of Special Relativity to encompass kinetics is 
not tenable: we follow Einstein in setting it aside. Physics instructors are relieved of the 
onerous task, going back over 100 years now, of explaining; and confused students the equally 
onerous task of trying to comprehend, the notion that the γm0v which in last week's classes 

                                                           
21 I think Maxwell wrote this in 1854, but I haven't located the reference. 
22 http://rstl.royalsocietypublishing.org/content/155/459.full.pdf+html 
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represented constant relative momentum derived from the Lorentz Transformation, is this 
week freed of its relativistic roots; suddenly variable w.r.t both γ and v. 
 
We are not left empty-handed, however: this section provides in particular a viable constant 

γ=1/�1 − a2

Λ
, kinetic mass m=γmo and kinetic momentum p=mv=γm0v=γm0at whenever 

nonzero constant relative acceleration is observed, together with its own Invariant Interval and 
Composition, Transformation and Conservation Laws. By the end of appendix 3 it will become 
clear that Relativity extends to general observable P(t). Fortunately, it's a lot easier to correct 
course notes and edit textbooks now than in the old days before PC's. 
 
I admittedly have gone on and on with an overabundance of frequently redundant detail 
regarding the results, uncovered failures, and implications of this section, recognizing the near 
impossibility of making a dent in an established mindset of over 110 years duration. 
 
§3. Flat Earth Ballistics.  
 
P(t)=vt-gt2/2, with 2 constant scaling vectors v and -g, and 2 linearly independent scaling 
functions t and t2/2, models directing a hose with discharge velocity v on a flat Earth with 
vector gravitational constant g. The general situation; multiple scaling vectors entailing multiple 
t components, is discussed in Appendix 3. In the present case, writing x=x⊥+xvv�+xgg�, v∦g, we get 
 
 x'⊥= x⊥; x'v =γv(xv –vtv); x'g=γg( xg+gtg

2/2): tv'=γv(tv –xv|v|/c2); t'g=√[γg(tg
2 +2xg∙g/Λ) ]; (6"'a,b) 

with inverse 
 x⊥= x'⊥; xv=γv(x'v +vtv'); xg=γg( x'g–gtg'2/2); tv=γv(tv'+x'v|v|/Κ2); tg=√[γg(t'g2–2x'g∙g/Λ)] ,  (6"'c,d) 
 
in which |v|≤c, γv=1/√(1- ��

��), g2≤Λ, γg=1/√(1- ��

� ), and tg,tg'≥0. The observer in the unprimed 
system sets tv and tg equal to the single t he experiences, and calculates tv'≠tg' for the ' system. 
If he looks far enough back he sees the origin tg'=0.  v.v. for the primed system. 
The vertical component (i.e. ∥ g) of P(t)=vt-gt2/2 generally has a maximum, but velocity v-gt is 
never 0 unless v∥g. See below. 
 
The invariant Interval for v∦g: 
 x'2-(ctv')2-Λ(tg'2/2)2=x2-(ctv)2 –Λ(tg

2/2)2 or (dx')2-(cdtv')2-Λ(dtg'2/2)2=x2-(cdtv)2 –Λ(dtg
2/2)2 ,      (7"'a) 

with a Minkowski-like metric carrying two temporal components tv and tg
2/2. If you take ctv and 

(√Λ)tg
2/2 as orthogonal temporal (made dimensionally spatial) components in an n+2 

dimensional Minkowski-like space you can write the metric in terms of the spatial and temporal 
projections as say x2-τ2. 
 
Distinct Velocity and acceleration composition laws already detailed in §1, resp. §2 above apply, 
as do Mv, p and Mg, F transformation and conservation laws incorporating the distinct γ's arising 
in the two aspects of motion. 
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v∥g: tv and tg coalesce as you direct the hose toward straight up so v∥g; say v=gT. So 
P(t)=gt(T-t/2) and  ��

��
│x'=u(t)=g(T-t). This P has a maximum value gT2/2 at t=T where u(T)=0. 

 

 x’=x⊥+γ(x∥-gt(T-t/2); t'=T-sgn(T − t)��T2 − γ �2 x∙g
Λ

+ t(2T − t)��+
23:γ= �

���g2

�

 , t,t'≥0,g2≤Λ  (6"'e,f) 

 with inverse     x=x'⊥+γ(x'∥+gt'(T-t'/2); t=T-sgn(T − t′)��T2 + γ �2 x∙g
Λ

− tʹ(2T − tʹ)��+ .      (6"'g,h)  

The argument of […]+=0  in (6'"f) may go ≤0 for t in an interval symmetric about T, so t'=T over 
that interval.  (6'"h) similar. 
 
The Invariant Interval for v=gT: 
 x'2 – Λ((t'(T-t'/2))2 = x2 – Λ(t(T-t/2))2or (dx')2 – Λ(d(t'(T-t'/2)))2 = (dx)2 – Λ( d(t(T-t/2)))2 ; (7"'b) 
reflecting a Minkowski metric with scaling function t(T-t/2) bounded from above. 
 
(11") and (14") from §2 apply in this case. We repeat those results here, just relabeled: 

 The Constant Acceleration Composition Law: a''= 
g+ a'∥ +

a'⊥
γ  

1+g∙a'
�

:g∙a'≠-Λ, |g|,|a|<√Λ      (11"') 

Constant accelerations, not velocities, conform to this composition law. 
 
Mass/Force Transformation; Q= Force F: M'=γ [ M+�

𝚲
∙F ] and F'=g[ Mg+F∥]+F⊥ ,             (14"'a,b) 

with M=∑γimi and F =∑γimigi , with γ=
�

�1−
g2

Λ

 , not the analogous Lorentz factor. 

Mass/Force Conservation Law: M2 – �
�

 Λ = m0
2, or M2Λ –F2= m0

2Λ.              (14"'c,d) 
 
Redshift: radiation received in the unprimed system from the primed system. 
 
When v∦g, there are two scaling functions t and t2/2; the first yielding redshift per §1 above, 
the second per §2. An observer can get some idea of the entire motion after separating out the 
two generally differently shifted components of the observed spectrum. 
 
When v=gT so  ḟ(t)=T-t, (15) becomes 
��
���│x'=γ��T� + γ �2 |�||�|��� (�)

�
− (t − |x|

c )(2T − (t − |x|
c ))�� [ �

 |����|�|
� |

+sgn(T-t+|�|
� ) |�|

�
cos(θ)].       (15"') 

For small values of the 4 controlling nondimensional parameters |g|T/c, t/T, ϑ and g/√Λ, 
it's a convex upward function of |x|/ct and only redshift is observed. For ϑ near 180° increasing 
blueshift is generally observed.  
 
§4. Expanding Universe With Newtonian 1/r2 Attraction and Diminishing Uniform Density. 
 

                                                           
23 x+ = x when x≥0, else x+=0. 
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P(t)=r0(1+3/2HOt)2/3; v=v0(1+3/2HOt)-1/3; a=a0(1+3/2HOt)-2/3, with comoving coordinate r0, 

velocity v0=r0HO𝐫� and acceleration a0=-r0
�� �

�
𝐫� normalized to present time t=0, represent the 

topic universe; in this case expanding forever with velocity and deceleration diminishing 
asymptotically to 0 as t→∞. Density diminishes uniformly according to 
ρ=ρ0(r0/r)3=ρ0/(1+3/2HOt)2. Κ=r0; f(t)= (1+3/2HOt)2/3. A Big Bang is seen to occur at t = - �

���
. 

 
Here's a one parameter family of models among which the above P appears as a particular case. 

 
Newton gives the gravitational acceleration at r=r𝐫� =(r,0,0)24 due to an infinitesimal element at 
(r',ϑ,φ) with mass density ρ as -Gρ/R2R�r'sin(ϑ)dφr'dϑdr',25 with R2=r2-2rr'cos(θ)+r'2.  We may 
take it as the Coulomb component in a gravitational radiation gauge. This might suffice 
bounded away from the brief period of very rapid acceleration near tBig Bang. 

𝐑� dφ integrates out to 2π�������(�)
�

𝐫�,  r-r'cos(ϑ)=���������

��
, and dR2=2RdR=2rr'sin(ϑ)dϑ, so 

a=-G∫∫ρπ �
��������

���� r'dRdr'𝐫�. For r≠0, integrating first w.r.t R, then r', extracts a finite function of 
r from this improper integral. I don't think Newton would object to the following inversion of 
his Spherical Shell Theorem. 
For fixed r and r', |r-r'|≤R≤r+r', so the R integral is 

 ∫ [������

��
����

|����| +1]dR=r+r'-|r-r'|-(r2-r'2)( �
���� − �

|����|)=(r+r'-|r-r'|)(1+ ������

|������|
)=����: ����

 � ∶ ���� � , so the r' 
integral becomes 

                                                           
24  Only where frequent reference is made to both a vector and its magnitude is the vector distinguished 
in bold. 
25  For now, we take Newton's discovery at face value, ducking the third of many questions (#1 being 
what is mass (we have 2 Relativistic masses so far: Lorentzian and kinetic); #2, what is force; now #3: 
what is gravity).  

R

r

r’

θ
φ
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 �
��

��� 𝐫�=-Gρ4π∫ r��dr′�
�  𝐫�/r2=-G�

�πρ0(r0/r)3��

�� 𝐫�=-G�
�πr0

3ρ0/r2𝐫� . If ��
��

=v(r), ���
��� =��

��
=��

��
 ��
��

 =v��
��

 =� ��/�
��   

 

= �
��

G�
�πr�

�ρ�/r,   so v=��
��

 =±�const + G�
�πr�

�ρ�/r =±HOr0�C + r�/r, with HO=�G�
�πρ� . 

v→±∞ when r→0: the Big Bang/Crunch. Write HOdt=± 
� �

��
�����/�

. There are three cases to be 

considered: 

If C≥0, C=( ��
����

)2 and v never goes negative, so HOt=  ∫ ��

����/�

�
��

� . 

1. If C=0, so v∞=0,HOt=∫ √sds
�

��
� =�

�[( �
��

)
�
�-1] �→�

→  -2/3, and �
��

=f(t)=�1 + �
�H�t�

�
� .         (17a) 

κ=r0, and the big bang is at t = - �
���

, as cited at the top of the section. 
 
2. If C>0; i.e.  v∞>0, 

HOt= ∫ ��

����
�

�
��

�  = ∫ ���

√�����

�
��

� =�������
� − .�

�
�
�
acosh (1 + 2cs)�

�

�
��

  �→�
→  .�

�
�
�
acosh (1 + 2c) - √���

�
,      17b) 

which increases from the C=0 value of -2/3 toward 0 as v∞ and so C=( ��
����

)2→∞: the time of the big 

bang advances from  - �
���

  toward 0; the present. 

 
3. If C<0, C=-r�/r��� and v changes sign at rmax. In the expansion phase 

HOt= ∫ ��

����
�

�
��

� = ∫ ���

√�����

�
��

� =�������
� + .�

|�|
�
�

acos(1 + 2Cs)�
�

�
��

  �→�
→   √���

|�| − .�

|�|
�
�

acos(1 + 2C),     (17c) 

decreasing from -2/3 at C=- ��
����

=0 (rmax=∞) through -1 at C=- ��
����

~-.81212 to -π/2~-1.5708 at 

C=- ��
����

=-1 (maximum extension now). The time of the Big Bang recedes from  -2/(3H0) at C=0: 

rmax=∞, passing through –1/H0 at r0/rmax ~.81212, toward - 1.5708/H0 when  r� = r���. 
 
This model is seen to support values of tBig Bang =|tBB| between 0 and  1.5708/H0. 
For C=( ��

����
)2≥0; a universe expanding forever, tBB ranges from 0 for v∞=∞ to -2/(3H0) for v∞=0. 

The latter also corresponds to the limiting value rmax=∞ of the remaining case C=-r�/r���≤0: 
expansion from the Big Bang through r0 out to r=rmax, then contraction through r0 and the Big 
Crunch beyond. For rmax reduced toward r0, tBB recedes toward – �

���
.  If the Big Crunch sets as 

strong an Arrow of Time as did the Big Bang, pointing from our point of view back from the Big 
Crunch toward r=rmax, the Arrows will need to have faded away by the turnaround time at 
r=rmax, when by symmetry time could carry no Arrow. If we were 81% of the way out as would 
be implied by tBB=-1/H0, we'd probably be noticing some weakness in the Arrow.26 
 
You can display f(t)=r/r0 for C≠0 by plotting (17b) and (17c) with the axes switched. 

                                                           
26 A little radiation heading back from beyond the turnaround time could be held responsible for what 
looks to us like spontaneous emission, maybe even the asymmetry of the weak interaction. 
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Coordinate Transformations with C=0: 

x’=xⱯ+ γ(x‖-r0�1 + �
�H�t�

�
�); �1 + �

�H�tʹ�
�
�=γ(�1 + �

�H�t�
�
� − �∙𝐫𝟎

Ξ�
� ): γ= �

���
��

�

��
�

 , 0≤t,t',|r0|≤Ξ0 ,   (6iva,b) 

 with inverse 

  x=x'Ɐ+γ(x'‖+r0�1 + �
�H�t′�

�
�); �1 + �

�H�t�
�
�=γ(�1 + �

�H�t′�
�
� + ��∙𝐫𝟎

��
� ): H0=��

�πGρ� .   (6ivc,d) 

Ξ0 = √Λ is the current radius of this model universe, independent of where you are; a sort of 
horizon. r0 may be the observed c.m. of a galaxy; x is where you're looking, expressed in the 
underlying Euclidean coordinate system. 
 
Invariant Interval: 

  x'2-Ξ0
2�1 + �

�H�t′�
�
�= x2-Ξ0

2�1 + �
�H�t�

�
�or (dx')2-Ξ0

2�1 + �
�H�t′�

�
� = (dx)2-Ξ0

2�1 + �
�H�)t�

�
� ;       (7iv) 

reflecting a Minkowski metric with f(t)= �1 + 3
2H0t�

2
3 as the scaling function. 

 
More generally, with C≠0, we still have (6) and(7) themselves, but f(t) is defined only implicitly, 
expressed in (17b) and (17c). (11) and (14) do not depend on explicit representation of f, so 

 Spatial Composition Law: r0''= 
�����∥

ʹ ����
ʹ

γ

����∙��ʹ
Ξ��

  :r0∙r0'≠-Ξ0
2, |r0|,|r0'|and so|r0"|≤Ξ0

   .      (11iv) 

Composition Law for comoving coordinates. 
Mass/Moment of Mass Transformation: M'=γr[M+ 𝐫𝟎

Ξ�
�∙μ] and μ' =γr[ r0+μ∥]+μ⊥ ,            (14iva,b) 

with M=∑γimi and μ =∑γimiri. 
 
Mass/Moment of Mass Conservation Law: M2 – μ�

 Ξ02 
= m0

2.                (14ivc,d) 
Note the effect of the finite universe radius. 
 
Redshift:  

r/r0=f(t), so HOt= ∫ ��

����
�

�
��

� = ∫ ��

����
�

�(�)
�  , so H0= �̇(�)

��� �
�(�)

, or ḟ(t)=H0�C + �
�(�)

 , so 

��
��ʹ|x'=γ H0�C + �

�(��)
 [ �

����� �

�(�� |�|
� )

+����� (�) 
�  ]= γ �C + �

γ(�(�� |�|
� ) � �∙��

��
�)

 [ �

��� �

�(�� |�|
� )

+������� (�) 
�  ] .       (15iv) 

For C=0, tBB=-2/3H0,  ḟ(t)= HO(1+3/2HOt)-1/3=HO/�f(t), f(t')=γ[(1+3/2HOt)2/3-|x|r0cosθ/Ξ0
2], so 

 ḟ(t')=HO/�f(t′) = HO/√(γ[(1+3/2H0t))2/3-|x|r0cosθ/Ξ0
2]) and with γ= �

��� �� 2

��
� 

, (15) becomes 
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��
��ʹ|x'=HO √γ

�����│�│
� � 

��
�������

�

���(t− |x|
c )�|�|�����θ

Ξ�� �

=√γ
����

������│�│
� ��

�
�

 � ��������
�

������
������│�│

� ��

�
�

�|�|�����θ
Ξ�� �

 →
��� √γ 

����
���

│�│
� �

�
� � ��������

�

������
���

│�│
� �

�
��|�|�����θ

Ξ�� �

 .                 (15iva) 

 

 
 
|x|/r0 will be very close to 1 and ϑ to 0 if r0 points to the c.m. of any galaxy but ours and x is any 
point in that galaxy, giving a concave upward function of r0/ctBigBang, with redshift only. See 
chart above. Dependence on Ξ0 is very small for r0 << ctBigBang <<Ξ0. Redshift becomes infinite at 
r≈.99903 ��

���
 if ctBigBang=.1 Ξ0: we can't see quite all the way back to this model's Big Bang. 

For r0 < 20% of the way back to the Big Bang, ��
��ʹ|x'=1+z ≈1+

���
�

, the linear Hubble redshift 

formula. If ctBigBang≤.1 Ξ0, the concave upward ��
��ʹ|x' curve pulls away from the linear Hubble 

curve by 3% at ≈35-35.5% of the way back to the big bang, 25% at 79-80% of the way, and 
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100%, twice the value, at 97-98% of the way back to the big bang. The slope of the curve 
doubles at ~59% of the way back. 
 
Displaying C≠0 redshift entails dealing, say by some iterative computation, with the fact that 
f(t) is defined only implicitly by (17b) for tBigBang<2H0/3c,  and (17c) for 2H0/3c<tBigBang<πH0/2c. 
 
The steeper part of the above curve would need modification to account for effects of the 
increasing gravitational radiation field with increased acceleration near tBigBang, not to mention 
the loss of mass and gravity as dominant  entities very close in to the big bang. Having no idea 
where mass and gravity came from, we aren't prepared to go there. 
 
§5. Expanding Uniform Universe With Retarded/Advanced 1/r2 Attraction 
 
Even if we suppose the present R is an adequate stand-in for the effective retarded 𝐑 �  
(miraculously, they would be identical if the source moved at constant velocity in the interim) 

we get no further than a=-G∫∫ρπ �
��������

���� r'dRdr'𝐫�  from §4 before we have to take into account 
that ρ must be evaluated at the retarded time of emission -R/c and/or advanced time R/c 
relative to the time at r. This spoils the Newton Shell result obtained with ρ independent of 
R. If we try integrating on r' first instead of R, holding R fixed≠0, we get 
 

∫ ����ʹ����

����
���

|���| r'dr' = ∫ ����ʹ����

����
���

|���| d �
ʹ�

�
 = �(�����)�ʹ���ʹ�/�

����� �
(���)�

(���)�

 = 

(�����)�(���)��(���)���((���)��(���)�)/�
�����    =  ���[(�����)��(���)��(���)��/�]

�����
 

= �[(�����)��(���)��(���)��/�]
��

 = �[(�����)�(�����)]
��

 = 0. 
 
The global double integral is improper, but bounded ε>0 away from the singular points we 
do have ∫ ∫ ρπ ���������

���� r′dr′dR���
|���|

����� ������
� =0, with tBigBang the time back to the big bang. 

 
 Under the present assumptions the complete integral depends at most on the asymptotic 
behavior of ρ very near R= 0 and ctBig Bang. Of course the limit of 0 as ε→0 is 0 as well, but 
the ground is not really solid here. 
 
That conditional 0 result does fit in with the observation that in a centerless uniform 
expansion, gravitational forces from all points a given distance from any given point are 
necessarily in balance. Nobody feels gravitational forces from the universe at large; just 
from local inhomogeneities. 
 
If we work out the forces at r in spherical coordinates centered on the point r instead of the 
point 0 as above, we are once again at the center of nested Newton Shells: another 
improper integral evaluable to 0. If there's nothing to break the spherical symmetry, you 
obviously can't extract a nonzero net force: which way would it point? In our universe we 
do infer large scale acceleration looking out beyond our galaxy, and at the same time admit 
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that observers on the observed objects will experience no acceleration themselves, but 
rather consider that it is we who carry acceleration. 
 
d3a= -Gρ/R2R�Rsin(ϑ)dφRdϑdR. 𝐑� dφ integrates out to 2π cos(ϑ) 𝐫�, so 
 
d2a= -2π Gρcos(ϑ)𝐫�sin(ϑ)dϑdR. 
 
∫ cos(ϑ)sin(ϑ)dϑ�

�  =0. This immediately leads to a=0 if the R integral limits are 0 and 
something less than ctBig Bang. 
 
In this model observed relative acceleration would seem to depend on slight relative 
asymmetry at great distances. Very Machian. Unless Ξ0 is infinite, a singularity occurs 
looking back at slightly less than ctBigBang.  
 
§6. Toy Unbounded Ballistic Universe  
 
§5 asserts a=0 in a uniform Euclidean universe . May as well look at that model. 
 
If the density of the universe is uniform; a function of global time only, it seems evident 
gravitational effects would not be felt anywhere: again, which way would a net force point? 
 
If all matter springs from a point at t=0, what velocity distribution would secure uniformly 
decreasing density ρ(t) everywhere? In the absence of net force, matter moves in straight 
radial lines at constant velocity in this Euclidean domain:  r=vt, or v(r,t) =r/t=r0/t0.  
 
If m = �

�
πr3ρ(t) is the mass of the radius r ball in R3, ��

��
 = �

�
πr3��

��
 = -4πr2ρ(t)v(r,t) = 

-4πr3ρ(t)/t,  �ρ
��

 = -3 ρ
�
 , so ρ = ρ0(��

� )3, and r = 𝐫𝟎
��

t =v0t. κ=v0=r0/t0, f(t)=t: each material point in this 
model moves at constant speed per §1 proportional to radius r0 at present time t0. 
 
This is a Galilean centerless expansion model. An observer anywhere in the system sees 
material moving radially away from him uniformly with respect to relative direction, with radial 
speed =relative distance/t increasing in direct proportion to distance and decreasing with time 
in inverse proportion(exercise). Not a model for our universe! This uniformity fails if the relative 
velocity is obtained using the Lorentz instead of Galilean velocity addition formula (exercise). 
Although material velocities are const, an observer measures rather rapid deceleration at each 
fixed location r>0: ��

��
│r= - r/t2. 

By any standard measure of energy, the Big Bang of this toy model instantaneously spreads 
infinite energy throughout an infinite universe; with uniform finite decreasing density 
everywhere for t>0. 
 
Short of really delving into the vexed question "what is gravity" it looks like we have to give up 
at least one of "uniform' and "Euclidean" to get past the null result of §5. 
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§7. Expanding Uniform Universe With Retarded 1/r2 Attraction and Non-Euclidean Spatial 
Composition 
 
 We start with 
d3γa =  -Gρ(±R/c)/R3Rr'sin(ϑ)dφr'dϑdr'= Gρ(±R/c)/R3Rr'dcos(ϑ)dφr'dr' :  γ= (1- �� �

��
�)-1/2       (18) 

 
§4 gave a non-Euclidean bounded initial displacement composition law (11iv), very different 
from the Euclidean context in which it was derived: 
 
 

Spatial Composition Law: r0''= 
�����∥

ʹ ����
ʹ

γ

����∙��ʹ
Ξ��

  :r0∙r0'≠-Ξ0
2, |r0|,|r0'|and so|r0"|≤Ξ0

   .      (11iv) 

 
If we anticipate a result of the type r=r0f(t) adduced in §4, (11iv) will apply. R0, the difference 

between r0 and r0' in §4, becomes R0=   
𝐫𝟎��ʹ�∥����

ʹ

�

��𝐫𝟎∙𝐫𝟎�
��

�
 so ∫ 𝐑𝟎dφ��

�  =2π
𝐫𝟎�𝐫𝟎∥

�

��𝐫𝟎∙𝐫𝟎�
��

�
 

=2π
�� –�� ���� (�)

������ ���� (�)
��

�
r�. 

Changing variables from (cosϑ,r') to (x,R0), with x=r0'cos(ϑ) allows us to express a in terms of an 
integral on R0 only. We have R0

2=[(r0-r0'cos(ϑ)2+(1-r0
2/Ξ0

2)r0'2sin(ϑ)2]/(1-r0r0'cos(ϑ)/Ξ0
2)2 = 

[r0
2-2r0r0'cos(ϑ)+r0'2-r0

2r0'2/Ξ0
2]/(1-r0r'0cos(ϑ)/Ξ0

2)2= 
Ξ0

2[1-(1-r0
2/Ξ0

2)(1-r'02/Ξ0
2)]/(1r0r0'cos(ϑ)/Ξ0

2)2, so 
���
����

=(1-r0
2/Ξ0

2)/(1-r0r'0cos(ϑ)/Ξ0
2)3(r0-r'0cos(ϑ))/R0 and 

���      
����(�)

=(1-r0
2/Ξ0

2)/(1-r0r'0cos(ϑ)/Ξ0
2)3(1-r'02/Ξ0

2)/R0. Also ��
���

� =cos(ϑ) and ��
����(�)

=r'0. So 
�(�,��)
�(�,�ʹ)

=(1-r0
2/Ξ0

2)/(1-r0r'0cos(ϑ)/Ξ0
2)2r0'2/R0 (exercise). 

 
Write a=a𝐫�. Putting this all together and taking R≈R0 where acceleration is small gives 

d2a≈γ2πG
�(���

�  )
��

� (r0-x)(1-���
��

� )dxdR0. 

x ranges from |R0-r0| to R0+R0. ∫ [r� − x(1 + ��
�

Ξ� �
)�

�����
|�����|

��
��

� x�]dx =2r0�
��

�

���
�                                         ∶ �����

��
�

���
��(�����)(������

��  ∶ �����

�. 

 
I'm breaking off  here because even taking R≈R0 we're heading toward at best an implicitly 
defined f(t)=r/r0. If I'm going to ignore the gravitational radiation field not to mention 
effects which dominate over gravity close in to the Big Bang it's not clear this could work 
out any better than §4. I'll get back to this if I run into or can come up with a gravitational 
model that fits into the present line of development with better notions of mass and 
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gravity; probably something superseding 1/R2 acceleration. Will anything short of a 
consistent Theory of Everything give a better result? 
 
 
 
Appendix 1. Newtonian and Relativistic Conservation Laws 
 
Thanks to the simplicity of the Newtonian (c=∞) Velocity composition law v"=v+v', the 
relationship between Newtonian conserved quantities is easily established; for example: 
∑mi

(����)�

�  = �
�

�  ∑mi+u∙∑mivi+∑mi
��

�

� , so conservation of kinetic energy in ideal gases as seen from a 
frame with velocity u relative to the old frame follows from conservation of mass, momentum 
and kinetic energy in the old. A putative cubic conservation law could be laid right on top of this 
pyramid. Mass conservation underlies the other two, and momentum conservation is generally 
a stronger principle than energy conservation: they generally lay out in the required order. 

The much subtler Relativistic Velocity Composition Law (11a): κ"= 
�+ κ'∥ +

 κ'⊥
γ  

1+�∙κ'
Λ

 leads quite directly 

to rather different looking conservation laws, for rest mass,  momentum, and merged E=mΛ 
mass-energy. This proceeds in a straightforward manner thanks to (11b), rewritten 
γi'=γκ(γi+

κ∙γiκi

�
). This remarkable relation allows us to factor out the effects of viewing from a 

frame moving with velocity –u, say, w.r.t. the original and find the same quantities to be 
perceived as conserved (or not) as were adduced in the original frame. 
 
Appendix 2. Particle acceleration relative to a Galilean frame momentarily matching the 
particle's velocity, following Einstein 1907. 
 
Suppose we, in frame F, are following a particle's twice differentiable path x(t) in a 
neighborhood of time t=t0, so we know its velocity and acceleration at t0 from the observer's 
standpoint.  Relative to any frame F', the Lorentz Transforms define x' and t' as ordinary 

functions of t alone: x’(t)=x⊥(t)+γ(x∥(t)-vt); t’(t)=γ(t-
�(�)∙�

�� ). Holding Lorentzian relative frame 
velocity v constant throughout, as one must, so in particular the directions of projection ⊥ and ∥ 
remain constant, the Lorentz transformations and vector chain rule give us 

 
���

���  = 
���/��
���/��

 = 
ẋ�(�)��(ẋ∥(�)��)

�(��ẋ(�)∙�
�� )

 and 

 �
��ʹ

��ʹ�
 = 

�dxʹ

dtʹ/��

��ʹ/��
 =[ẍ�(�)�γẍ∥(�)

γ(��ẋ(�)∙�
�� )

 - ẋ�(�)��(ẋ∥(�)��)

����ẋ(�)∙�
�� �

� (−(ẍ(t) ∙ v)/c^2 )]/[ γ(1 − ẋ(�)∙�
�� )]. 

Take t=t0 and v=ẋ(t0) constant, so γ=�1 −
��
��

(��)�

�� �
��

�

. ẋ�(t�) =0 and ẋ∥(t0)=ẋ(t0)=v, so 

����

����=[ẍ�(��)��ẍ∥(��)

����ẋ(��)�,
�� �

 – ��ẋ(��)��̇(��)�

����ẋ(��)�,
�� �

� �1 − ẋ(��)�,
�� �]/[ γ �1 − ẋ(��)�,

�� �]=ẍ�(��)�γẍ∥(��)

�����ẋ(��)�,
�� �

� = 

γ2(ẍ�(t�)+ γẍ∥(t�)). 
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  �
���

���� (t�)= γ2[ �
���

��� (t0)+ γ ���∥
��� (t0)] :  γ =�1 −

��
��

(��)�

�� �
��

�

 : 

particle acceleration viewed from a primed Galilean frame at a time t0 when it momentarily 
matches velocity with the particle, expressed in terms of coordinates in an observer's frame. 
 
Appendix 3. Observation of P(t) carrying 2 or more independent constant scaling vectors. 
 
The restriction to a single vector scaling constant in passing from (4c) to (4d) is not an essential 
one. Any vector function into Rn can be expanded as a sum of at most n terms with 
independent constant vector coefficients: drawn for example from standard orthonormal bases 
for Rn. We spell out the consequences of mutually observing 2 independent constant scaling 
vectors: the extension to any number ≤n is straightforward. 
 
Suppose P(t)=κf(t)+λg(t), in which κ∦λ (so n≥2) are constant scaling vectors and f,g are linearly 
independent scaling functions, is mutually observed. x and x' decompose into 3 spatial 
projections x=x⊥+ xκκ� + xλλ�, etc.; with x⊥ the n-2 dimensional projection ⊥ κλ plane. Two 
distinct t' expressions appear, corresponding to the 2 independent vector functions κf(t) 
and λg(t) defining the motion (exercise): 
 
x'⊥= x⊥; x'κ =γκ(xκ –|κ|f(t)); x'λ=γλ( xλ–|λ|g(t)); f(t'κ)=γκ(f(t) –xκ|κ|/Κ2); g(t'λ)=γλ(g(t) –xλ|λ|/Λ2) , 
with inverse 
x⊥= x'⊥;  xκ =γκ(x'κ +|κ|f(t'κ)); xλ=γ( x'λ+|λ|g(t'λ)); f(t)=γκ(f(t'κ)+x'κ|κ|/Κ2); g(t)=γλ(g(t'λ)+x'λ|λ|/Λ2) , 

in which |κ|≤Κ,γκ=1/√(1- κ2

Κ2), and |λ|≤Λ, γλ=1/√(1- λ�

Λ�). 
 
Unless an observer figures out a way to attach distinct times tκ≠tλ to the components of motion 
labeled by κ and λ he's left just  taking tκ=tλ=t, etc. He generally associates distinct times t'κ≠t'λ 
to the components of motion in the observed frame. We might regard |Κ|f(t) and |Λ|g(t) as 
components of a temporal vector (given spatial dimension) which we might label say τ 
(although this symbol is already overused), but this would have no experiential significance 
while the time we experience remains scalar.  The mappings form a joint transformation group 
w.r.t. the independent parameters κ and λ, acting on n+2 independent variables x, tκ and tλ. 
 
The decomposition P(t)=κf(t)+λg(t) is far from unique. Using any nonsingular 2 X 2 real matrix 
M, and treating the array of vectors [κ λ] exactly as one would an ordinary real row vector 
(exercise), we write 

P=[κ λ]� f
g�=[κ λ]M-1M � f

g�=[κ' λ']� f′
g′� with [κ' λ']=[κ λ]M-1; � f′

g′�= M� f
g� , preserving P and satisfying 

the same requirements as the unprimed vectors and scalar functions. Inverting the new f'(t'κ') 
and g'(t'λ') will generally produce t'κ', t'λ' looking entirely different from the original t'κ, t'λ; 
parameterizing the same motion quite differently. You could make κ'⊥λ' if you wish, even 
orthonormal, with no loss of generality. In fact if e1 and e2 form an orthonormal basis on the 
span of κλ , so κ=ae1+be2, and λ=ce1+de2, then M=�a c

b d� clearly makes κ'=e1 and λ'=e2. 
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To limit proliferation of limiting constants, where possible one chooses  κ', λ' from among 
quantities already associated with a maximum magnitude: distance is bounded by Ξ0, speed by 
c, acceleration squared by a Λ. 
 
The Invariant Interval:  
x'2-Κ2f(tΚ')2-Λ2g(tΛ')2=x2-Κ2f(tΚ)2-Λ2 g(tΛ)2 or (dx')2-Κ2(df(tΚ'))2-Λ2(dg(tΛ'))2=(dx)2-Κ2(df(tΚ))2-Λ2(g(tΛ))2 
carries the expected n spatial coordinates and the unexpected appearance of 2 temporal 
 coordinates. Using the temporal vector τ noted above, the Invariant  Interval would be simply 
 x'2-τ'2=x2-τ2  or  (dx')2-(dτ')2=(dx)2-(dτ)2  . This would not put temporal vectors on equal footing 
with the immediately meaningful spatial vectors: we experience time as a scalar; and our t 
doesn't generally equal the magnitude of τ or some linear combination of its components.  Until 
someone figures out how to distinguish the two times, the observer can only identify the tκ and 
tλ of his frame with the scalar time coordinate of his experience. 
 
Composition Laws for Constant Scaling Vectors κ, λ, and Scalars γκ, γλ: 

 κ"= 
�+ κ'∥ +

 κ'⊥
β  

1+ �∙κ'
��  

; γκ”=γκγκ'(1+�∙κ'
�� 

): γκ= �

��� �2

��  

; κ, Κ, γκ constants with |κ|≤Κ ; 

 λ"= 
λ+ λ'∥ +

 λ'⊥
γ  

1+λ∙λ'
�� 

; γλ”=γλγλ'(1+λ∙λ'
��  

): γλ=
�

��� λ2

��  

; λ, Λ, γλ constants with |λ|≤Λ . 

 
Relativistic Mass/Q Transformation: 
MΚ'=β[ MΚ+ κ

��∙QΚ ] and QΚ'=β[ MΚκ+QΚ∥]+QΚ⊥;  MΛ'=γ[ MΛ+ λ
��∙QΛ ] and QΛ'=γ[ MΛλ + QΛ∥]+QΛ⊥; 

 
Relativistic Mass/Q Conservation Law: 
 
MΚ

2 – ��
�

 �� = mΚ
2, or  (MΚΚ2)2–QΚ

2Κ2 = (mΚΚ2)2;  MΛ
2 – ��

�

 �� = mΛ
2, or  (MΛΛ2)2–QΛ

2Λ2 = (mΛΛ2)2. 
 
Temporal duality carries with it, through γκ and γλ, M and Q duality as well. 
 
In Rn the same procedure applies to any P(t)=∑  �

� κifi(t): m≤n, κi linearly independent vectors, fi 
linearly independent functions; with m distinct times ti appearing in descriptions of various 
aspects of the motion relative to observed frames. Any vector function P: R → Rn can be so 
expanded; in infinitely many ways related through the infinite set of all nonsingular m X m 
matrices, m≤n. One seeks a representation in which the m attendant κ's have physically 
meaningful bounds. c, Λ, and Ξ0, bounding speed, acceleration (squared), and distance will 
suffice for a considerable range of physical applications, giving immediately recognizable 
conservable quantities and conservation laws. The Minkowski-like invariant interval or metric 
carries n spatial, m≤n temporal variables. 


